Abstract. It is known that graphs cellularly embedded into surfaces are equivalent to ribbon graphs. In this work, we generalize this statement to broader classes of graphs and surfaces. Half-edge graphs extend abstract graphs and are useful in quantum field theory in physics. On the other hand, ribbon graphs with half-edges generalize ribbon graphs and appear in a different type of field theory emanating from matrix models. We then give a sense of embeddings of half-edge graphs in punctured surfaces and determine (minimal/maximal) conditions for an equivalence between these embeddings and half-edge ribbon graphs. Given some assumptions on the embedding, the geometric dual of a cellularly embedded half-edge graph is also identified. From that point, the duality can be extended to half-edge ribbon graphs. Finally, we address correspondences between polynomial invariants evaluated on dual half-edge ribbon graphs.
Introduction
Graphs embedded in surfaces have been studied in different contexts with applications ranging from combinatorics, geometry to computer science (see [12] and the reviews [8] and [9] for a detailed account on this active subject). The correspondence between embeddings of graphs in surfaces and ribbon graphs can be traced back to the work by Heffter in [16] . Cellular embeddings of graphs, as discussed in [17] [14] , are particular graph embeddings such that the removal of the graph from the surface decomposes the surface in spaces homeomorphic to discs. An advantage of working with ribbon graphs is that they form a stable class under usual edge operations such as edge deletion and contraction. Meanwhile, to remove an edge in an embedded graph might result in a loss of the cellular decomposition of the surface. It is therefore useful to have several descriptions of the same object and use its most convenient characterization according to the context.
Extending abstract graphs, half-edge graphs (HEGs) have appeared in modern physics as Feynman graphs of quantum field theories (see [19] for a review of the subject). Different types of field theories generate different types of HEGs. Depending on the nature of the field (scalar, vector, matrix or tensor valued), more "exotic" field theories have Feynman graphs with a lot more structure than abstract graphs. This is the case of matrix models (see, for instance, [10] ) and noncommutative field theory (consult the review [18] ) with Feynman graphs appearing as halfedge ribbon graphs (HERGs), and of tensor models with their Feynman graphs as generalized HEGs discovered in [1] and called stranded graphs in [2] and [3] .
Investigations on HERGs are still active. Formally, HERGs have been studied using combinatorial maps in [18] . Among other results obtained in that work, the partial duality by Chmutov [7] was generalized to HERGs. This duality was the stepping stone to find in [18] a Tutte-like polynomial invariant for HERGs satisfying a 4-term recurrence relation. In a different perspective, HERGs have been also defined by gluing of discs along their boundary in [2] and a polynomial invariant generalizing Tutte and Bollobás-Riordan (BR) polynomials (see [5] and [6] ) was found in the same work.
While it is clear that half-edges have interesting combinatorial properties, one could ask if they can be useful to topology as well. In this paper, we show that half-edges can be used to encode punctures on a surface. To start, we construct HEG cellular embeddings in punctured surfaces using the so-called regular embedding [4] . Consider then the underlying HEG of a HERG obtained by keeping its vertex, edge and half-edge sets and the incidence relation between them. We show that a HERG can be uniquely associated with a cellular embedding of its underlying HEG in a punctured surface of minimal genus and minimal number of punctures. Under some conditions, the number of punctures in the surface can be "maximal," and we can again identify a unique cellular embedding of the underlying HEG to which a HERG corresponds. That mapping between HERGs and HEG cellular embedding emanates from the combinatorial distinction between the boundary components of a HERG (seen as a surface with boundary), introduced by half-edges. Theorem 1 summarizes that main result. We then determine conditions for which the geometric dual of a HEG cellularly embedded in a punctured surface exists, is essentially unique and defines in return a cellular embedding in the same surface. Theorem 2, another main result, provides the construction of the dual of a HEG cellularly embedding. Surprisingly, a case when the dual HEG turns out to be well defined occurs when the number of punctures in the surface is, in the same above sense, maximal. Based on results on polynomial invariant on HERGs [2] , we finally study duality relations between polynomial invariants evaluated on dual HERGs. We find two nontrivial instances where a mapping between these polynomials can be performed. Theorem 4 and Theorem 5 give new relations between invariant polynomials calculated on dual HERGs, thereby providing generalizations of a similar relation revealed in [5] .
The paper is organized as follows. The next section reviews surfaces, and graph cellular embeddings in surfaces and sets up of our notations. In section 3, we first review HEGs and then define HEG cellular embeddings in punctured surfaces (Definition 9). We also list a few consequences of our definitions. The paragraph dealing with HERGs contains a first main result which is Theorem 1. In section 4, we construct the geometric dual of a HEG cellular embedding in the same punctured surface and Theorems 2 and 3 are main results concerning this analysis. Finally, in section 5, we investigate relationships between polynomial invariants on dual HERGs. We identify two situations where this relationship can be made explicit.
Surfaces, graph cellular embeddings, ribbon graphs
In this section, we first review closed and punctured surfaces and their equivalence up to homeomorphism. Setting up also our notations, we then quickly address cellular embeddings of graphs in surfaces and their relationship with ribbon graphs.
Surfaces -Let Σ be a closed connected compact surface of genus g(Σ) and χ(Σ) its Euler characteristic. We have
Let Σ 1 and Σ 2 be closed connected compact surfaces. Then Σ 1 and Σ 2 are homeomorphic if and only if they are both orientable or both non-orientable, and they have the same genus.
A punctured surface Σ is a surface obtained after removing a finite number of closed discs (equivalently, up to homotopy, a finite number of points) in a closed surface. Each boundary component of Σ is homeomorphic to a circle and, by capping off the punctures that is inserting back the closed discs in Σ, we obtain a closed surface denoted Σ. We will only be interested in the case of surfaces Σ yielding after capping off a surface Σ which is compact. The boundary of Σ is denoted ∂Σ. The genus of Σ or of Σ ∪ ∂Σ is defined to be the genus of Σ.
Let Σ 1 and Σ 2 be connected punctured surfaces, and Σ 1 and Σ 2 be the closed connected compact surfaces obtained by capping off the punctures in Σ 1 and Σ 2 , respectively. Then Σ 1 and Σ 2 (respectively, Σ 1 ∪ ∂Σ 1 and Σ 2 ∪ ∂Σ 2 ) are homeomorphic if and only if they have the same number of boundary components, and Σ 1 and Σ 2 are homeomorphic.
In the following, a surface will be chosen connected, the general upshot for the non connected case will be directly inferred from that point.
Graphs -A graph G(V, E), or shortly G, is defined by a vertex set V, an edge set E and an incidence relation between E and V (an edge is mapped to a pair of vertices or a vertex in the case of a loop). We will first focus on connected graphs and then extend the results to the non connected case.
A graph isomorphism between G(V, E) and G (V , E ) is a bijection between the vertex sets V and V , and a bijection between the edge sets E and E such that two vertices u and v in V are adjacent in G if and only if their images in V are adjacent in G . We denote this isomorphism by ψ : G → G and say that G is equivalent to G .
Let G(V, E) be a graph. We associate an underlying topological space |G| with the graph G(V, E) as follows (see, for instance [14, 20] ). Take the sets V and E each endowed with discrete topology. The space |G| is the topological (identification) space V ∪ (E × [0, 1]) obtained after the following identification: for each e ∈ E, the points (e, 0) and (e, 1) are identified with one of the end-vertices of e, where for loops, both end-vertices are assumed to coincide. The graph isomorphism ψ extends to graph homeomorphism ψ top : |G| → |G | for topological graphs in a way compatible with the incidence relation. This means that ψ extends to an homeomorphism if each edge e × [0, 1] of |G| is homeomorphically mapped to its image ψ(e) × [0, 1] in G with its end vertices or vertex mapped correspondingly. The standard textbook of Gross and Tucker, [14] , gives a survey of topological graph theory. Usually we simply write G instead of |G|, providing no confusion arises.
Graph cellular embeddings -The following definitions of (cellular) embeddings in surfaces are withdrawn from [20] and [17] . 2-cells are spaces homeomorphics to open discs. For simplicity, we sometimes identify them with open discs. Definition 1. Let G be a graph and Σ a surface. An embedding of G into Σ is a continuous map φ : G → Σ such that the restriction φ : G → φ(G) is an homeomorphism. We shall shortly denote both the embedding and the embedded graph by G ⊂ Σ.
Definition 2. Let G be a graph and Σ be a closed connected compact surface. An embedding
is called a cellulation of the surface Σ and a 2-cell of the cellulation is called a face of G.
Definition 3. We say that two cellularly embedded graphs G 1 ⊂ Σ 1 and G 2 ⊂ Σ 2 are equivalent, if there is a homeomorphism η : Σ 1 → Σ 2 (which is orientation preserving when Σ 1 is orientable) with the property that η| G1 : G 1 → G 2 is a homeomorphism.
A cellular embedding G ⊂ Σ is said to be orientable if Σ is orientable, otherwise we say that G ⊂ Σ is non-orientable. If G is connected, the genus, g(G), of G is the genus of Σ. A cellularly embedded graph G ⊂ Σ is a planar graph if Σ is the 2-sphere.
The Euler characteristic, χ(G), of a cellularly embedded graph G ⊂ Σ, is defined by
where v(G), e(G), and f (G) are respectively the number of vertices, edges and faces of G. The Euler characteristic is related to the Euler genus by
The above formula extends to a non connected graph cellularly embedded in a closed connected compact surface by summing over connected components. We get:
where k(G) is the number of connected components of G.
Ribbon graphs -We adopt here the definition by Bollobás and Riordan in [5] of ribbon graphs. A ribbon graph G(V, E), or simply G, is a (not necessarily orientable) surface with boundary represented as the union of two sets of closed topological discs called vertices and edges such that vertices and edges intersect by disjoint line segments; each such a line segment lies on the boundary of precisely one vertex and one edge, and every edge contains exactly two such line segments. A ribbon graph G naturally has an underlying graph G(V, E) that is obtained by keeping only the vertex and edge sets and the incidence between vertices and edges. We again work with connected ribbon graphs and the results will be directly extended for non connected ribbon graphs. Graphs cellularly embedded in surfaces are equivalent to ribbon graphs and this equivalence is established in the following way. To each cellularly embedded graph in a surface, we assign a ribbon graph by taking a neighborhood strip of the graph in the surface. Reciprocally, given a connected ribbon graph G that we regard as a surface with boundary, we cap off that surface by gluing discs along the boundary components of the ribbon graph. This yields a closed connected compact surface Σ the genus of which, γ(Σ), is γ(G) the genus of the ribbon graph G:
where χ(G) is the Euler characteristics of G and v(G), e(G), bc(G), are respectively the number of vertices, edges and boundary components of G. Hence, we have a closed connected compact surface Σ endowed already with a cellular decomposition along the underlying graph G of G. It is also direct to observe that the neighborhood of G in Σ gives rise to G again. Noting that the set of faces of G is the set of boundary components of G, we henceforth call a boundary component a face of G, then harmonize our notations and write bc(G) = f (G). Importantly, the construction of the cellular embedding G ⊂ Σ stemming from G is minimal in the sense that Σ is the closed connected compact surface with minimum genus in which G could be embedded such that the neighborhood G of G has the same genus. The Euler formula (3) generalizes for a ribbon graph G with k(G) connected components as:
Cellular embeddings of graphs in punctured surfaces -We address now the embeddings in a punctured surface of a graph. Note that the following definition of a cellular embedding of graphs in punctured surfaces differs from that of [8] . We ensure, for instance, that the embedding occurs in open surfaces while, in that work, the boundary is included in the topological space of the surface. In the next definition, 2-cells with punctures are spaces homeomorphic to open discs where we remove some closed discs. Let Σ 1 and Σ 2 be two punctured surfaces. Two cellularly embedded graphs G 1 ⊂ Σ 1 and G 2 ⊂ Σ 2 are equivalent if they obey Definition 3, keeping in mind that surfaces refer now to punctured surfaces. One may wonder about the distribution of boundary circles in the 2-cells of Σ 1 − φ 1 (G 1 ) and in the 2-cells of Σ 2 − φ 2 (G 2 ) which may differ (see an example in Figure 1) . The above equivalence states that we work up to a distribution of boundary circles in the 2-cells. Said differently, a cellular embedding of a graph in a punctured surface Σ can be obtained by "puncturing" after cellular embedding of a graph in the capping off of Σ provided punctures are inserted in Σ − φ(G). Let G ⊂ Σ be a graph cellularly embedded in connected punctured surface Σ. G is said to be orientable if Σ is orientable; otherwise we say that G is non-orientable. Because G is connected, the genus, g(G), of G is the genus of Σ. A cellularly embedded graph G ⊂ Σ is a plane graph if Σ is the 2-sphere. The Euler characteristics and Euler genus for a graph embedded in a punctured surface have the same formula as (2) and (3) (where f (G) now counts the number of all discs including those with punctures) or, in the case of a graph with many connected components, as in (4).
Cellular embeddings of half-edge graphs in punctured surfaces
We first introduce half-edge graphs and then define embeddings of those in punctured surfaces.
Half-edge graphs (HEGs) -We will use notations and conventions of [2] .
Definition 5 (HEG).
A HEG G(V, E, h), or at times just G h , is a graph G(V, E), with a set h, called the set of half-edges, and a mapping i : h → V called incidence relation which associates each half-edge with a unique vertex. The graph G is called the underlying graph of G h .
A HEG isomorphism between
) is graph isomorphism ψ : G → G and a bijection between the half-edge sets h and h such that any half-edge h 0 ∈ h is incident to a vertex v in V if and only if the corresponding half-edge h 0 ∈ h incident to the image of v in V .
HEGs can be represented in a similar way that abstract graphs are represented by drawings. To draw a HEG, first represent its underlying graph and then add the set of half-edges represented by a set of segments; each half-edge is incident to a unique vertex without forming a loop. Figure  2 illustrates a HEG. Definition 6 (Completed and pruned graphs). Let G h = G(V, E, h) be an HEG and h 0 ∈ h be one of its half-edges incident to a vertex v 0 .
Completing h 0 ∈ h in G h is the operation which replaces h 0 by an edge e 0 by adding a new vertex v 1 in the vertex set of G h such that e 0 is incident to v 0 and v 1 . The completed graph G =Ḡ(V ∪ V h , E ∪ h), with |V h | = |h|, is the graph obtained after completing all half-edges in G h .
Consider a leaf v 0 ∈ V in a HEG G h and e 0 ∈ E the edge incide to v 0 .
Pruning e 0 ∈ E in G h is the operation which replaces e 0 by a half-edge h 0 by removing v 0 from the vertex set of G h . Let V 0 be a subset of leaves in V, and E 0 = E 0 (V 0 ) be the set of all edges incident to the leaves in V 0 . The pruned HEG with respect to
Thus completing a half-edge is simply "promoting" it as an edge. The incidence relation inḠ is an extension of the incidence relation between edges and vertices in G h by changing i :
, and a restriction of the incidence relation between half-edges and vertices to an empty mapping. Pruning an edge is the inverse operation of completing, that is "downgrading" an edge as an half-edge. The incidence relation after pruning is a restriction of the incidence relation between edges and vertices and extension of the incidence relation between half-edges and vertices of the former HEG. The fact that G h (V0) is a HEG can be then simply verified.
(1) There is a unique completed graphḠ associated with G h . (2) Fixing V 0 , there is a unique pruned graph G h (V0) associated with G h . (3) The pruned HEG with respect to V h of the completed graphḠ(V ∪ V h , E ∪ h) is isomorphic to the HEG G h .
Proof. The two first statements are immediate. The pruned HEG with respect to V h of G(V ∪ V h , E ∪ h) can be written as follows
Thus (Ḡ)
has the same vertex, edge and half-edge sets as G h . The incidence relation between vertices and edges which have been not concerned by the completing and pruning procedures remains unchanged in (Ḡ)
and G h . The incidence relation between vertices and completed half-edges brought by the completing procedure gets restricted by the pruning procedure. This implies that the relation between vertices and half-edges remains also the same in both (Ḡ)
and G h . Figure 2 is given by the graph of Figure 3 . Thinking about the inverse operation, i.e to find a HEG G h from a given graph G, depending on the number of leaves in G, we can associate a finite number of (possible no) HEGs with G. We associateḠ with its underlying topological space |Ḡ| that we denote againḠ, for simplicity. Note that we could have introduced a topology on G h itself, but there is no need for that since there is now enough data to proceed further.
An illustration of the completing of the HEG of
HEG cellular embeddings -An embedding of a HEG G h in a punctured surface Σ follows once again Definition 1. It remains to define the notion of cellulation of a punctured surface along a HEG. A way to achieve this and that further bears interesting consequences is given by the following.
Definition 7 (V-regular embedding). Let Σ be a punctured surface with boundary ∂Σ, such that its capping off gives Σ a closed connected compact surface. Consider a graph G(V ∪ V , E) with a partition of its vertex set as shown.
Definition 8. ConsiderḠ the completed graph of a HEG G h and a punctured surface Σ. A regular embedding ofḠ in Σ ∪ ∂Σ is a V h -regular embeddingḠ ⊂ Σ ∪ ∂Σ.
Regular embeddings of (colored) graphs prove to be useful in the context of graph encoded manifolds, see for instance the work by Gagliardi in [13] and by Bandieri et al. in [4] . Note that we choose to perform the cellulation on Σ to avoid subtleties induced by the natural topology of Σ ∪ ∂Σ. The last condition on the embedding, i.e. ∂Σ ∩ φ(Ḡ) = φ(V h ), means that we require that the leaves inḠ obtained by completing the half-edges end on the boundary ∂Σ. Examples of regular embeddings for the completed graph of Figure 3 have been given in Figure 4 . Proposition 2. Let G h be a HEG,Ḡ its completed graph and G its underlying graph. If G ⊂ Σ ∪ ∂Σ is a regular embedding, then there exists a cellular embedding G ⊂ Σ.
Proof. A regular embeddingḠ ⊂ Σ ∪ ∂Σ extends to a cellular embedding ofḠ in Σ by extension of the codomain and keeping the cell decomposition of Σ − φ(Ḡ). The restriction φ| G is a continuous map from G to Σ and φ| G : G → φ(G) is an homeomorphism as a restriction of the homeomorphism φ|Ḡ :Ḡ → φ(Ḡ). Furthermore Σ − φ(Ḡ) is homeomorphic to Σ − φ(G) becauseḠ and G have same cycles in Σ.
Definition 9 (HEG cellular embedding). A HEG G h is cellularly embedded in a punctured surface Σ if and only if there is a regular embeddingḠ ⊂ Σ ∪ ∂Σ. We denote the HEG cellular embedding in Σ by G h ⊂ Σ.
The following proposition holds.
Proposition 3. Let G h be a HEG cellularly embedded in a punctured surface Σ. Then its underlying graph G is cellularly embedded in Σ.
Proof. In the above notations, consider the regular embeddingḠ ⊂ Σ ∪ ∂Σ associated with G h ⊂ Σ. By Proposition 2, G is cellularly embedded in Σ and Σ − φ(G) is disjoint union of 2-cells. Let us denote Σ = Σ ∪ (∪ i D i ) the surface obtained by capping off Σ where the D i 's are spaces homeomorphic to closed discs. The A crux remark is that, while equivalence of cellular embeddings of graphs in (punctured) surfaces in the sense of Definition 3 ensures that the number of 2-cells of the decomposition is the same, the equivalence of cellular embeddings of HEGs in punctured surfaces does not anymore guarantees this property. See Figure 5 for a simple illustration. This is source of ambiguities when we will seek equivalence between HEG cellular embeddings and HERGs in the next paragraph. More restrictions on Definition 10 could be discussed. For example, one could demand that the number of 2-cells should be the same after the cellulations of the two punctured surfaces Σ and Σ to achieve equivalence of HEG cellular embeddings. However, one can check this particular restriction will not lift the above mentioned ambiguity. Half-edge ribbon graphs (HERGs) -The class of ribbon graphs extends to the class of HERGs with the introduction of half-edges which are now ribbon-like. Half-edges of HERGs will be called half-ribbons (HRs). A HR is a ribbon incident to a unique vertex of a ribbon graph by a unique line segment on its boundary and without forming a loop.
If topologically, ribbons are discs, for combinatorial purposes, we regard a HR as a rectangle rather than a disc. To achieve this, we introduce 4 distinct marked points at the boundary of a disc. A HR is incident to a vertex along a unique boundary arc s lying between two successive of these marked points. The segment parallel to s is called external segment. The end-points of any external segment are called external points of the HR. Figure 6 illustrates a HR incident to vertex disc. Definition 11 (HERG). A HERG G(V, E, H), or simply G H , is a ribbon graph G(V, E) with a set H of HRs together with an incidence relation which associates each HR with a unique vertex. The ribbon graph G is called the underlying ribbon graph of G H . There is an underlying HEG G(V, E, H), denoted G H , obtained from G H by keeping its vertex, edge and half-edge sets and their incidence relation.
Note that, as far as topology is concerned and as surfaces with boundary, HERGs are homeomorphic to ribbon graphs. HERGs have however richer combinatorial properties: we will use the modifications introduced by HRs to encode topological information such as punctures of surfaces in which cellular embeddings will be made.
Consider a HEG G h cellularly embedded in a punctured surface Σ. A HERG G H representation of the embedding of G h is obtained by taking a small neighborhood band around G h in Σ. The set H of HRs of G H is the set of neighborhoods of half-edges of h. Thus, to identify a HERG from a cellularly embedded HEG, the procedure is straightforward. However, the reverse procedure is ambiguous in several ways: there are several cellular embeddings of the same HEG in punctured surfaces (homeomorphic or not) which all have the same HERG via the above procedure. Starting with a fixed (up to homeomorphism) punctured surface, the cellular embeddings yielding the same HERG are those equivalent in the sense of Definition 10 (see, again, Figure 5 ). Without further assumptions, there is no criteria to lift the ambiguity, in other words, any representative in the class of equivalent cellular embeddings can be used to represent the HERG. The trouble becomes more apparent if we work with non homeomorphic surfaces: there are indeed cases of nonequivalent cellular embeddings of the same HEG giving rise to the same HERG. An example has been given in Figure 7 . To find a procedure which uniquely selects the cellular embedding G h ⊂ Σ from a HERG G H , we need either restrictions on the definition of cellular embeddings of HEGs or some minimal requirements to choose one among those embeddings. Using the combinatorics of HERGs, this problem has at least two solutions. One of the prescriptions is in some sense minimal, the other maximal, and so could either be adopted by convention. Given a HERG G H , our goal is to construct a cellular embedding of some HEG in some punctured surface Σ which obey unambiguously Definition 9.
It is not complicated to extend the completing procedure for HEG given by Definition 6 to HERGs. Consider a HERG G H and V H a set of discs such that |V H | = |H|. We introducē G(V ∪ V H , E ∪ H) the completed ribbon graph obtained from G H by adding new vertices, elements of the set V H , such that each HR in H becomes a ribbon edge incident to a unique vertex of V H .
SinceḠ is an ordinary ribbon graph, the standard procedure to find the corresponding cellular embedding applies to it: we can find a graph G 0 which is cellularly embedded in some closed connected compact surface Σ 0 of minimal genus. Σ 0 is the capping off ofḠ and its genus is that ofḠ. A moment of thought, one easily realizes that G 0 is the completed graphḠ of G H , the latter being the underlying HEG of G H . The next move is to produce a cellular embedding of G H in some punctured surface Σ obtained from Σ 0 . This introduces two unknown data: the number C ∂ Σ of boundary circles in Σ and the distribution of the half-edges of H on these circles. As stated, this problem becomes purely combinatorial.
We now use the fact that, in HERGs, we distinguish several types of boundary components [2] . 
External cycles form connected components of a 2-regular graph called in the boundary graph of G H in [15] .
The Euler characteristic χ(Ḡ) of the completed ribbon graphḠ of G H is, using similar notations as above,
where f (Ḡ), the number of faces ofḠ, equals the number of closed faces f int (G H ) = |F int (G H )| plus the number of external cycles C ext (G H ) of G H . We note also that χ(Ḡ) = χ(G), where G is the underlying ribbon graph of G H . Indeed, these ribbon graphs have the same number of faces, since a face inḠ corresponding to C ext (G H ) deforms uniquely onto a face of G. Thus, equivalently, the underlying graph G of G can be used to define the same surface Σ 0 , because G ⊂ Σ 0 is a cellular embedding equivalent to G. We will use this remark in the following when we will distinguish different cases of HEGs cellular embeddings. We realize that a cellular embedding in the sense of Definition 9, or equivalently a regular embeddingḠ ⊂ Σ ∪ ∂Σ, gives us a constraint on C ∂ Σ the number of boundary components of the surface Σ that we are seeking. Mapping half-edges on the boundary circles, we infer that C ∂ Σ ≥ C ext (G H ). Indeed, we recall that the set of half-edges is in one-to-one correspondence with H the set of HRs of G H . H is partitioned in C ext (G H ) parts. On the other hand, the leaves inḠ corresponding to half-edges (and so to HRs) intersect necessarily a boundary circle. The inequality therefore holds. The punctured surface is obtained Σ after removing C ∂ Σ ≥ C ext (G H ) boundary circles in the surface Σ 0 . Finally, G h can be cellularly embedded in Σ or in any other punctured surface Σ with same genus and
We make another observation: if we request that any boundary circle on the surface must be intersecting a vertex of the completed graphḠ for any regular cellular embeddingḠ ⊂ Σ ∪ ∂Σ, then we have also an upper bound on the number of boundary circles in the surface such that
We now discuss two particular prescriptions specializing the HEG cellular embedding G H ⊂ Σ and their consequences.
• Assume C ∂ Σ = C ext (G H ) which is the minimum number of boundary circles of Σ to ensure that there is a cellular embedding G H ⊂ Σ corresponding to the HERG G H . Consider G the underlying graph of G H . Proposition 3 instructs us that there is a cellular embedding G ⊂ Σ. Observe that Σ − φ(G) splits in two sets: the set O of 2-cells and the remaining set O of 2-cells with punctures. As explained previously, G has a genus determined by (9) , and therefore the number of connected components of Σ − φ(G) is f int (G H ) + C ext (G H ). There are one-to-one correspondences, on one side, between the set of closed faces of G H and O and, on the other side, between the set of external cycles of G H and O . The equality C ∂ Σ = C ext (G H ) simply reveals that each element of O has a single puncture. Furthermore, consider the cellulation Σ − φ(G H ) which gives a disjoint union of 2-cells. The number of such topological discs is equal to f int (G H ) + f ext (G H ) where f ext (G H ) is the number of external faces of G H . Indeed, it must be obvious from the previous comments that 2-cells of O which are again in Σ − φ(G H ) coincide with closed faces of G H and their number corresponds to f int (G H ). Consider now the remaining set O of the cellulation Σ − φ(G). Each 2-cell of O has a single puncture and so a single boundary circle in its interior. That 2-cell with one puncture may split after removing half-edges of G H in the cellulation Σ − φ(G H ). The number of parts of this splitting is precisely the number of half-edges of its corresponding external cycle. Finally, a half-edge uniquely corresponds to a HR and, in each external cycle of G H , the number of open faces is equal to the number of HR, see (8) .
There is an alternative prescription leading to another unambiguous construction of the HEG cellular embedding for a given HERG.
• Suppose that for each half-edge we assign a puncture in the surface, which means that we construct a surface such that C ∂ Σ = |H|. This leads also to an unambiguous situation. Indeed, after capping offḠ, the completed graph of G H , we are first led to a closed surface Σ 0 . Then, we pruneḠ with respect to V H in Σ 0 (or simply remove the leaves of G H corresponding to H). Nevertheless, compared to the previous prescription, the number of boundary circles can not be minimal.
We finally introduce the notion of minimal/maximal HEG cellular embedding corresponding to HERGs. 
Geometric duality for HEG cellular embeddings
In this section, we generalize the geometric duality of graphs cellularly embedded in surfaces to cellular embedded HEGs in punctured surfaces. Although our illustrations are only made on the 2-sphere, the duality is valid on any punctured surface.
Geometric duality for graph cellular embeddings -Let G(V, E) be a graph and G ⊂ Σ be a cellular embedding of G in a closed connected compact surface Σ. The geometric dual G * ⊂ Σ of G ⊂ Σ is the cellular embedding in Σ of the graph G * (V * , E * ) obtained by inserting one vertex in each of the faces of G and embedding an edge of E * between two of these vertices if the faces of G where they belong are adjacent. Then an edge of E * crosses the corresponding edge of E transversely. An edge of E * forms a loop if it crosses an edge of E incident to only one face of G. Hence the set of vertices of G * are in one-to-one correspondence with the set of faces of G, and
is the number of faces of G. Thus, we have γ(G) = γ(G * ).
Geometric duality for graph cellular embeddings in punctured surfaces -If G ⊂ Σ is a cellular embedding in a punctured surface Σ, then we can also construct G * ⊂ Σ a cellular embedding in Σ by the same recipe developed in the previous paragraph. The construction of G * simply avoids the punctures and lies in the interior of the punctured surface. Once again, we can cap off the surface, determine the geometric dual and insert back the punctures on the surface.
Geometric duality for HEG cellular embeddings in a punctured surfaces -Consider a HEG cellular embedding G h ⊂ Σ andḠ ⊂ Σ ∪ ∂Σ its associated regular embedding and G ⊂ Σ the cellular embedding of its underlying graph (Proposition 3). We want to define the dual (G h ) * ⊂ Σ of G h ⊂ Σ. The first track is to construct the geometric dual (Ḡ) * ⊂ Σ ∪ ∂Σ of the regular embeddingḠ ⊂ Σ ∪ ∂Σ of the completed graphḠ and, then, operate on (Ḡ)
* to identify what (G h ) * could be. We henceforth work under two conditions: (1) after the embedding, all boundary circles of the surface intersect at least one vertex of the completed graph; (2) the dual of a HEG has the same number of half-edges of the HEG. The property (2) was indeed shown true in [18] in the case of duals HERGs. We would like to preserve this feature for duals of cellularly embedded HEGs.
G is a graph regularly embedded in a surface Σ∪∂Σ and intersect the boundary ∂Σ. We cannot construct its dual (Ḡ) * according to the previous paragraph by simply avoiding the boundary ∂Σ. Constructing that dual, consider rather the 2-cells intersecting boundary circles obtained from the cellulation Σ − φ(G). Each of these 2-cells might further split after removing the edges ofḠ which are the completed of the half-edges of G h . We call these 2-cells with punctures external cycles of the HEG G h . For 2-cells without punctures, constructing the dual graph remains the same as in usual situation: dual vertices are defined by 1 vertex per such 2-cell and dual edges transversal to the edges of the 2-cell. We will therefore focus on the duality at the level of external cycles.
Given condition (1), with each boundary circle there is an associated cycle inḠ * (see Figure  11 ). Either those cycles are loops and they become one-to-one with a subset of boundary circles or the cycles are of length larger than 2. with each boundary circle within the external cycle, there is a cycle associated inḠ * .
Dual edges are put in dash and are incident to other vertices.
We modifyḠ * to define the dual of G h ⊂ Σ. To satisfy condition (2), working on a h-proper HEG cellular embedding, we can use a mapping: to each loop of the dualḠ * lying in an external cycle of G h , we associate a half-edge. The procedure becomes unambiguous because all cycles in an external cycle of G h are loops. In other situations, we need more work.
Definition 15 (h-weak HEG cellular embedding). Consider a HEG cellular embedding G h ⊂ Σ. Then G h ⊂ Σ is called a h-weak HEG cellular embedding if the edges completing the half-edges of h inḠ ⊂ Σ ∪ ∂Σ, which are incident to the same boundary circle are also incident to the same vertex inḠ (or in G h ).
Note that a h-proper HEG cellular embedding is h-weak. A h-weak HEG cellular embedding has been illustrated in Figure 12 . In each external cycle, we note that there is a special vertex of V * ofḠ * , which is of degree twice number of cycles plus the number of edges forming the external cycle. This vertex will be useful in the following operations. Let G h = G(V, E, h) be a HEG with completed graphḠ(V = V ∪ V h ,Ē = E ∪ h). Let G h ⊂ Σ be a h-weak HEG cellular embedding,Ḡ ⊂ Σ ∪ ∂Σ be its regular embedding. ConsiderḠ * ⊂ Σ ∪ ∂Σ the geometric dual ofḠ ⊂ Σ ∪ ∂Σ, that we denote as a graph asḠ * (V * ,Ē * ). Let us denote V * ext the subset of vertices ofV * associated with a given external cycle of G h in Σ and call v * the special vertex of the external cycle. Consider L h the set of cycles formed with the dual of the edges belonging to h ⊂Ē. Each l ∈ L h is encircling a boundary circle c l where ends corresponding edges {e l,k } elements of h. If the cycle l is a loop, there is a single edge e l ∈ h. All cycles l are incident to v * . The length of a cycle l is denoted |l|. We want to regard L h as a subset of edges hence we write L h ⊂Ē * ; the set of vertices which forms
Definition 16 (Grafting and grafted graph). The grafting operation on a cycle l ∈ L h circumventing a boundary circle c l and incident to v * , consists in removing all edges of l and the vertices where these edges are incident except v * , then inserting |l| embedded edges e * l,k , k = 1, . . . , |l|, respecting the cyclic ordering around v * and keeping all remaining edges and vertices untouched. The edges e * l,k are incident to v * and to new vertices v l,k on c l .
The grafting operation on a graph cellular embedding is shown in Figure 13 . To simplify notations, we write {v l,k } l∈L h as {v l } and {e * l,k } l∈L h as {e *
, and L h ⊂Ē * be the set of cycles formed with edges duals to edges belonging to h ⊂Ē.
The grafted graph
with respect to L h defines a {v l }-regular embedding G 1 ⊂ Σ ∪ ∂Σ. Furthermore, pruning G 1 with respect to {v l } defines a h ({v l })-weak HEG cellular embedding in Σ, where h ({v l }) is the set of half-edges resulting from the pruning of the edges of {e * l }. Proof. The fact that G 1 ⊂ Σ ∪ ∂Σ is a {v l }-regular embedding can be easily shown: G h ⊂ Σ being h-weak, then a subset S of leaves (which correspond to a subset of completed half-edges inḠ) ending on a boundary circle in ∂Σ maps in the geometric dualḠ * ⊂ Σ ∪ ∂Σ to a unique cycle l S encircling that boundary circle. Note that for all S, all boundary circles are encircled. The grafting of these cycle l S , for all S, makes them a subset of edges {e * l } with end vertices {v l } intersecting all boundary circles.
We concentrate on the second statement. Consider the HEG obtained after pruning
. The vertex set of
set by E =Ē * \ L h and its half-edge set by h ({v l }) = {e * l }. The incidence relation between E and V and between h ({v l }) and V can be easily inferred since they are inherited from extension and restriction of the incidence relations in
gives back G 1;L h and then we can call G 1 ⊂ Σ ∪ ∂Σ a regular embedding. Thus there is a HEG cellular embedding of the HEG G 1;L h h ({v l }) in Σ. The property that this HEG cellular embedding is h ({v l })-weak follows again by construction: the set of half-edges in
is in one-to-one correspondence
there is conservation of half-edges after the procedure. We then conclude to the result since, per external cycle where the boundary circles are, all half-edges are incident to the same special vertex.
Definition 17 (Geometric dual of a h-weak HEG cellular embedding). Let G h ⊂ Σ be a h-weak HEG cellular embedding. The geometric dual of G h ⊂ Σ, denoted by G * h ⊂ Σ, is the h-weak HEG cellular embedding constructed previously Illustrations of geometric duals of HEG h-proper and h-weak cellular embeddings are given in Figures 14 and 15 .
The geometric duality for cellular embeddings is know to be an involution, i.e. (G * ) * = G. We investigate if this property is preserved for our present duality on h-weak HEG cellular embeddings. One must notice that we only need to understand how to apply twice the duality reflects at the level of the external cycles. Indeed, any 2-cell ofḠ ⊂ Σ∪∂Σ which does not intersect any boundary circle will map to itself (up to graph isomorphism) applying twice the duality. Theorem 3. Let G h ⊂ Σ be a h-weak HEG cellular embedding. Then, (G * h )
* ⊂ Σ is a h-weak HEG cellular embedding and
Proof. The first statement is given by Theorem 2 applied on G * h ⊂ Σ which is a h-weak HEG cellular embedding.
Call (G * ) * the completed graph of (G * h ) * , andḠ the completed graph of G h . To prove the equivalence relation between (G * h )
* ⊂ Σ and G h ⊂ Σ, it is sufficient to show that there is an isomorphismḠ → (G * ) * which will naturally extend to an homeomorphism. We focus on external cycles. Pick a 2-cell of Σ−φ(G) which contains boundary circles where are incident some completed half-edges. Let us call this external cycle c ext , with vertex set {v k } ∪ V • , with V • its set of leaves intersecting boundary circles. By construction, we know that c ext corresponds to a unique special vertex v * in the dual G * h ⊂ Σ and v * is adjacent to leaves intersecting boundary circles. The set of those leaves which is denoted by V *
• is partitioned in the same way that V • is partitioned on boundary circles reflecting the property of G h ⊂ Σ to be h-weak. We need to show that applying again the duality at this vertex v * leads us back to an external cycle which is equal to the initial one c ext , up to graph isomorphism. The edges incident to v * which are not incident to leaves in V *
• will map in (G * ) * to edges which will close a cycle c around v * . The edges of c are incident to vertices {ṽ k } in a way that the corresponding edges of c ext are incident to vertices {v k }. It is clear that {ṽ k } and {v k } are in one-to-one correspondence and the edges incident to these are also one-to-one and the incidence relation of a chain-type graph is preserved. The rest of the procedure becomes straightforward because the graph at the external cycle is planar: for eachṽ k , we construct a cycle corresponding to a part s c l of V * 0 associated with leaves incident to the same boundary circle c l . Grafing this cycle s c l leads to leaves incident toṽ k in an equivalent way that a part of V • was incident to v k .
Duality and polynomial invariants
The Tutte polynomial has the fundamental property that, for the dual of a planar graph G, T (G; X, Y ) = T (G * ; Y, X). Bollobás and Riordan derived a similar result for the BR polynomial invariant after restricting of some its variables [5] . We want to investigate the analog relation for HERGs.
Definition 18 (Internal and external half-edges and edges). Consider a HERG G H . A HR h 0 of G H is internal if h 0 is the only HR in the external cycle of G H containing h 0 . Otherwise, h 0 is called external.
A non-loop edge e of G H is internal if the two HR generated by G H ∨ e are both internal; e is called semi-internal if one of these HRs is internal and the second is external. Otherwise, e is called external. A vertex v of G H is external if there is at least one HR incident to v. Otherwise it is internal. The number of internal and external vertices are denoted by V int and V ext , respectively. From these definitions, we can establish the following correspondences between a HERG G H and its dual G * H : (11) and e(G H ) = e(G * H ), and they have an equal number of HRs. The dual of HERGs as stated in [18] is written with combinatorial maps with fixed points. The construction of this dual HERG coincides for several examples with the construction of the dual HERG as stated in Definition 19. We therefore conjecture that these definition can be shown equivalent.
As discussed in [5] , a bridge in a ribbon graph G corresponds to a trivial loop in G * and an ordinary edge in G may correspond to non-trivial loop in G * . This property remains true for HERGs. We note that if e is a trivial twisted (respectively untwisted) loop the contraction of e gives one vertex (respectively two vertices) possibly with HRs. As in the case of ribbon graphs, we have the following relation:
where G H − e is the deletion of the edge e, and G H /e is its contraction. A polynomial invariant on HERGs was introduced in [2] :
Definition 20 (BR polynomial for HERGs). Let G H be a HERG. We define the polynomial of G H to be
where the sum is performed over the spanning cutting subgraphs. The quantities r(A), n(A), k(A), f int (A) and C ext (A) are respectively the rank, the nullity, the number of connected components, the number of closed faces and external cycles of A. We define o(A) = 0 is A orientable, and 1 otherwise, |H(A)| is the number of HRs of A, and where w 2 = w holds.
The polynomial (13) satisfies the contraction/cut recurrence relation where the cut operation replaces the deletion in the context of HERGs. The cut of an edge e of a HERG G H , denoted by G H ∨ e, is the deletion of the edge e and the insertion of two HRs attached to its incident vertices or vertex in the loop situation. Cutting a subset of edges in a HERG yields a spanning cutting subgraph of G H . We have for an ordinary edge e:
For special edges (loops and bridges) reduced relation exists and can be found in [2] . Although this relation looks similar to the contraction/deletion of BR, we must emphasize that this polynomial is not an evaluation of the BR polynomial simply because it is defined on HERGs which have more combinatorial properties that usual ribbon graphs. In short, the universality theorem of the BR polynomial for ribbon graphs does not apply to HERGs. To find relations between polynomial invariants evaluated at dual HERGs, we adopt the same strategy as in [5] . We need to seek pertinent restrictions or modifications of R G H (13). After restrictions, it appears possible to find some relationships. Two interestings cases are discussed below.
Polynomial of the first kind -Let us denote by R G H (.) the polynomial obtained from Definition 20 by replacing the spanning cutting subgraphs by the spanning subgraphs. Therefore the number of HRs remains constant in all subgraphs, and if H = ∅, then R G H reduces to the BR polynomial. Using techniques developed for HERGs in [2] , we can show that, for an ordinary edge e,
We now introduce the following two-variable polynomial
where the summation is over the spanning subgraphs. Like R G H , the polynomial P G H obeys a contraction/deletion recursion on HERGs. At this point, one may wonder if, by the universality theorem of Bollobás and Riordan [5] , R G H or P G H are evaluations of the BR polynomial. The answer of that question is no. Both polynomials are defined on HERGs, and we can show that they fails to satisfy the vertex union operation on simple examples. As a consequence, all known recipe theorems worked out for ribbon graphs cannot be used here. In the following, this will be further explained as it will appear clear that the universality theorem for BR polynomial cannot be applied neither for R G H nor for P G H .
Let E n be the HERG made with n isolated vertices possibly with HRs. We have P En (a, b) = a n−Cext(En) b Cext(En) = P E * n (a, b) since E n is self-dual. Setting Q G H = P G * H and using (12) , for every edge e we have:
H −e (a, b) + P G * H /e (a, b) = P (G H /e) * (a, b) + P (G H −e) * (a, b) = Q G H /e (a, b) + Q G H −e (a, b). (17) Hence
We now consider the case of one-vertex HERG. We have f int (A)−1 = n(A)−[k(A)−f int (A)+ n(A)] and 
From a direct calculation, one gets 
Finally, we note that neither (20) nor (21) satisfy a single relation for general bridges. This implies that R G H and P G H fall out of the hypothesis of the universality theorem of BR polynomial. At a = b, that is in the limit where external cycles and closed faces are not distinguished, (20) and (21) merges into a single relation each, and then (22) reduces to the duality relation of the BR polynomial on ribbon graphs obtained in [5] .
Polynomial of the second kind -There is another restriction of R G H which could be mapped to R G * H . Consider the two-variable polynomial defined by
considered as an element of the quotient of Z[a, b] by the ideal generated by b 2 − ab. As a consequence of this relation, if n ≥ 0 and m > 0, a n b m = b n+m . Still, if m = 0, then the monomial a n might occur. Thus, in the case of A = G H with H = ∅, the monomial a fint(G H ) appears in this expansion of P G H and this term cannot be reduced. We write
where M G H (a, b) is the sum of the contributions of G H and G H ∨ E(G H ), the HERG obtained by cutting all edges in G H . The monomial associated with G H is in fact the same as that of G H /E(G H ), the HERG obtained by contracting all edges in G H . For one-vertex HERGs, we have the relation
The polynomial P G H satisfies the contraction/cut relation for any edge e, that is
where G H − E(G H ) is the ribbon graph obtained from G H after deleting all its edges. Using (18) and the equality a fint(G H ) + a V (G H ) = a V (G * H ) + a fint(G * H ) , we certainly have
We can achieve (29) using (31) evaluated at a = b and Lemma 1.
Coming back to relation (25), we can now explore the bridge case. We have 
